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Abstract
We start from a Hamiltonian describing non-interacting electrons and add bosons
to the model, with a Jaynes-Cummings-like interaction between the bosons and
electrons. Because of the specific form of the interaction the model can be solved
exactly. In the ground state, part of the electrons form bound pairs with oppo-
site momentum and spin. The model also shows a gap in the kinetic energy of
the electrons, but not in the spectrum of the full Hamiltonian. This gap is not
of a mean-field nature, but is due to the Pauli exclusion principle.
1. Introduction
In the theory of strongly correlated particles a model known for a long time
is the mean-field model with Hamiltonian
H = −
1
N
∑
k 6=l
σ+k σ
−
l + ǫ
∑
k
σzk. (1)
This is the mean-field bcs model [1, 2, 3, 4, 5]. Despite the simplicity of this
model many interesting results about strongly coupled particles can be derived
from it. Recently, however, there has been a lot of interest in other models
for the creation of paired electrons, motivated in large part by the problem of
finding a theory for high Tc superconductivity [6, 7].
Among the most useful models for strongly correlated systems are the Hub-
bard model and its generalizations [8, 9, 10, 11]. These models have been used
to describe not only superconductivity [12, 13, 14] but also ferromagnetism [15],
metal-insulator transitions [16] and other properties of solids [17, 18] and of
atoms in optical lattices [19].
In this paper we start from a Hamiltonian describing the motion of non-
interacting electrons on a lattice. We then add to the model bosons, which
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interact with the electrons in a way similar to the boson-fermion interaction in
the Jaynes-Cummings model [20]. The complete Hamiltonian is then similar to
the one used to describe bipolaron interactions [21, 22, 23]. However, in our
model this interaction term does not describe the interaction between pairs of
electrons, but rather provides a process which creates and destroys pairs. A
short account of the present findings has already been given in [24].
In models like (1) the binding energy of all pairs is the same. It has recently
been suggested [25, 26] that, due to the Pauli exclusion principle, this energy
should not be a constant. In our model we find that, indeed, the binding energy
depends on the momenta k,−k of the paired electrons.
Overview of the paper. In section 2 we give a detailed description of the
different terms in the Hamiltonian, both their mathematical properties and
physical interpretations. In section 3 the exact solution of the model for a
fixed value of k,−k is presented. In section 4 the many particle ground state
is constructed. In section 5 the elementary excitations and the gap in the
energy are discussed, followed by the main conclusions in section 6. A list of all
eigenstates and eigenvalues of the model can be found in the appendix.
2. The model
The Hamiltonian we consider consist of three parts: one describing the elec-
trons, one describing the bosons and one describing an interaction between
them. The fermion part is given by
HF = −~
∑
k,σ
λkB
†
k,σBk,σ + η~
∑
k,σ
B
†
k,σBk,σB
†
−kσB−k,σ +
~
2
∑
k
ωkJ
z
k . (2)
The first term comes from the kinetic energy T = −
∑
i,j tij
∑
σ b
†
i,σbj,σ which is
written in diagonal form using Bogoliubov’s quasi-particles. The quasi-particle
operators are defined by Bk,σ =
∑
i vk,ibi,σ with vk,i the matrix coefficients of
the diagonalizing unitary transformation. These operators satisfy the canonical
anti-commutation relations. The λk are the eigenvalues of the kinetic energy.
On a cubic N ×N ×N lattice they are given by
λk = 2
3∑
α=1
cos(2πkα) (3)
where kα =
2n−N+1
2N
for n from 0 to N − 1.
The second part of HF describes an interaction between electrons with equal
spin. If the parameter η is positive, this term raises the energy of states where
electrons with opposite momenta have equal spins.
The operator Jz
k
in the last term of (2) is defined as Jz
k
= 1
2
[J+
k
, J−
k
] with
J−
k
= B†−k,↑B
†
k,↓B−k,↓Bk,↑ and J
+
k
= (J−
k
)†. Jz
k
and J±
k
together generate a
representation of su(2) and can be interpreted as some kind of spin operators.
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An expression for Jz
k
in counting operators nk,σ = B
†
k,σBk,σ can be found:
Jz
k
=
1
2
nk,↑(1− n−k,↑)n−k,↓(1− nk,↓)−
1
2
nk,↓(1 − n−k,↓)n−k,↑(1 − nk,↑). (4)
It is then easy to see that Jz
k
has eigenvalues − 1
2
, 0, and 1
2
, as one would expect.
This part of the Hamiltonian describes the interaction with a constant external
field.
Notice that one could add some further terms quadratic in the Bk,σ’s. For
instance, we do not consider a spin flip part in the Hamiltonian, or terms chang-
ing the total momentum. We could add a term proportional to
∑
k,σ B
†
k,σB−k,σ.
This would make the calculations more complicated, although the model remains
integrable. However, such a term does not change anything fundamentally. So
we neglect it here.
The bosonic part of the Hamiltonian describes a collection of harmonic oscil-
lators, one for each fermionic degree of freedom. The creation and annihilation
operators are denoted ck,τ and c
†
k,τ , with τ =↑ or =↓. For simplicity of notation
we use the same labels as for the fermionic operators. These oscillators could
for instance be lattice vibrations with two possible polarizations. The bosonic
Hamiltonian reads
HB =
∑
k
~µk
(
c
†
k,↑ck,↑ + c
†
k,↓ck,↓
)
=
∑
k
~µk
∑
τ=↑,↓
mk,τ , (5)
with µk = µ−k > 0 and with mk,τ = c
†
k,τck,τ .
By introducing new operators ak = ck,↑c
†
−k,↓ this bosonic Hamiltonian can
be rewritten as
HB =
∑
k
~µk
(
a
†
k
ak + aka
†
k
)
−
∑
k
~µkmk,↑m−k,↓. (6)
While the operators ck,τ and c
†
k,τ satisfy the canonical commutation relations
for bosons, the ak and a
†
k
operators do not. It still holds that [ak, al] = 0, but
the commutation between the new creation and annihilation operators is more
complicated:
[ak, a
†
l
] = δk,l
(
−ck,↑c
†
k,↑ + c−k,↓c
†
−k,↓
)
= −δk,l (mk,↑ −m−k,↓) . (7)
The operators ak and a
†
k
are introduced because they are useful to express the
interaction term (8), which will now be introduced.
The interaction between the electrons and bosons is described by the Hamil-
tonian
HI = ~
∑
k
ξk
(
a
†
k
J−
k
+ akJ
+
k
)
(8)
with ak, a
†
k
and J±
k
as defined above. This interaction is of fourth order in the
fermionic operators Bk,σ and B
†
k,σ, and of second order in the bosonic operators
ck,σ and c
†
k,σ.
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The complete HamiltonianH = HF+HB+HI describes electrons moving on
a lattice and interacting with each other both directly and mediated by lattice
vibrations. Notice that the latter interaction is of the Jaynes-Cummings type
and is expressed in the operators Jk and ak, not in the original creation and
annihilation operators Bk,σ and ck,σ.
We can compare the present model with the mean-field model (1) by identi-
fying J−
k
with σ+
k
σ−−k. Here, there are only interactions between particles when
they have the same or opposite momentum ±k, while in (1) there is a mean-
field interaction between particles with all possible momenta. In addition, the
interaction term of our model is of second order in the σk
HI = ~
∑
k
ξk
(
a
†
k
σ+
k
σ−−k + akσ
+
−kσ
−
k
)
. (9)
Thus, integrating out the bosons gives a term of fourth order in the σk
instead of one of second order.
3. The exact solution of the model
Because there is no interaction between particles with momenta k respec-
tively k′ unless k = ±k′, we construct solutions in a subspace Hk with only
particles with the same or opposite momenta. Thus, the number of electrons is
between zero and four while the number of bosons is between zero and infinity.
We use the following basis vectors:
|nk,↑,mk,↑;nk,↓,mk,↓;n−k,↑,m−k,↑;n−k,↓,m−k,↓〉 (10)
where n = 0 or 1 is the number of electrons for the given momentum and spin,
and m counts the number of corresponding bosons. There are two important
things to note about these basis vectors. First: most terms of the Hamiltonian
are already diagonal in this basis. Only the fermion-boson interaction HI is
not. Second: on the vectors where it is not zero, the interaction Hamiltonian
HI acts like a Jaynes-Cummings Hamiltonian. This means that the well known
techniques to solve the Jaynes-Cummings model can be applied.
3.1. The diagonal parts of H
Most terms of H are diagonal in the basis (10). The eigenvalues are given
here. For the kinetic energy of the electrons
T = −
∑
i,j
tij
∑
σ
b
†
i,σbj,σ = −~
∑
k,σ
λkB
†
k,σBk,σ (11)
the eigenvalues are
− ~λk(nk,↑ + nk,↓)− ~λ−k(n−k↑ + n−k,↓). (12)
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The term ~
2
∑
k
ωkJ
z
k
has eigenvalues
~(ωk + ω−k)
2
[nk,↑(1− n−k,↑)n−k,↓(1− nk,↓)
−nk,↓(1 − n−k,↓)n−k,↑(1 − nk,↑)] . (13)
The second term of HF , the fermion-fermion interaction, has eigenvalues
η~ (nk,↑n−k,↑ + nk,↓n−k,↓) . (14)
The eigenvalues of the bosonic Hamiltonian HB are
µk (mk,↑ +m−k,↓) . (15)
All eigenstates and eigenvalues are listed in the appendix.
3.2. The interaction Hamiltonian HI
The interaction Hamiltonian HI vanishes when the number of electrons is
not equal to two. In addition, straightforward calculation shows that it vanishes
when the following conditions are satisfied
1. nk,↑ = 0 or n−k,↑ = 0 or m−k,↓ = 0,
2. n−k,↑ = 0 or nk,↑ = 0 or mk,↑ = 0,
3. n−k,↑ = 0 or nk,↑ = 0 or mk,↓ = 0,
4. nk,↑ = 0 or n−k,↑ = 0 or m−k,↑ = 0.
In particular, the only basis vectors on which HI does not vanish are the two-
fermion vectors with vanishing momentum and vanishing spin
|1,mk,↑; 0,mk,↓; 0,m−k,↑; 1,m−k,↓〉 (16)
|0,mk,↑; 1,mk,↓; 1,m−k,↑; 0,m−k,↓〉 . (17)
The eigenstates of H can now be constructed in a way similar to the solution of
the Jaynes-Cummings model. Although it is not needed in order to obtain the
eigenvalues and eigenvectors we assume from now on that λk = λ−k, as is for
instance the case for a cubic lattice. This assumption simplifies the calculations
a lot. The eigenvectors on which HI does not vanish are denoted as follows
|2, 0,+k,+〉 = sin θ+
k
|1,mk,↑; 0,mk,↓; 0,m−k,↑; 1,m−k,↓ + 1〉
cos θ+
k
|0,mk,↑ + 1; 1,mk,↓; 1,m−k,↑; 0,m−k,↓〉 (18)
|2, 0,+k,−〉 = cos θ+
k
|1,mk,↑ + 1; 0,mk,↓; 0,m−k,↑; 1,m−k,↓〉
− sin θ+
k
|0,mk,↑; 1,mk,↓; 1,m−k,↑; 0,m−k,↓ + 1〉 (19)
|2, 0,−k,+〉 = sin θ−
k
|0,mk,↑; 1,mk,↓; 1,m−k,↑; 0,m−k,↓ + 1〉
cos θ−
k
|1,mk,↑ + 1; 0,mk,↓; 0,m−k,↑; 1,m−k,↓〉 (20)
|2, 0,−k,−〉 = cos θ−
k
|0,mk,↑ + 1; 1,mk,↓; 1,m−k,↑; 0,m−k,↓〉
− sin θ−
k
|1,mk,↑; 0,mk,↓; 0,m−k,↑; 1,m−k,↓ + 1〉. (21)
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In these expressions the angles θ±
k
are given by
θ±
k
= arctan
(
ωk + ω−k
2ξk
∓
1
2ξk
√
(ωk + ω−k)2 + 4ξ2k
)
. (22)
The eigenvalues are ε+2 for the first and the third class, and ε
−
2 for the second
and the fourth class, with
ε±2 = E
k
HO − 2~λk ±
~
2
√
(ωk + ω−k)2 + 4ξ2k. (23)
The energy EkHO of the harmonic oscillators equals
EkHO = mk,↑ +mk,↓ +m−k,↑ +m−k,↓. (24)
Note that at least one of the harmonic oscillators is in an excited state. Thus,
the contribution from the harmonic oscillators does not vanish.
3.3. The ground state for fixed k
First we construct the ground state for a fixed value of k. Since particles do
not interact except when they have equal or opposite momenta, the complete
many-particle ground state can be constructed from the ground states for fixed
k. We assume from now on that there is no external field, so ω±k = 0 in (2).
The eigenvalues for the Jaynes-Cummings-like states then become
ǫ±2 = E
k
HO − 2~λk ± ~ξk. (25)
For simplicity let us assume now that ξk > 0. If it is large enough then one of
the ǫ−2 is the lowest energy level. This requires that the contribution from the
bosons is minimal, this is, equal to EkHO = ~µk. Even then the ground state
is still degenerate because of the symmetry between the momenta k and −k.
Indeed, for large enough ξk, the ground states are
|2, 0,k,+〉 = cos θ+
k
|1, 1; 0, 0; 0, 0; 1, 0〉− sin θ+
k
|0, 0; 1, 0; 1, 0; 0, 1〉 (26)
|2, 0,−k,+〉 = cos θ−
k
|0, 1; 1, 0; 1, 0; 0, 0〉− sin θ−
k
|1, 0; 0, 0; 0, 0; 1, 1〉. (27)
If ξk is small the ground state is the unique state with four electrons and no
bosons
|4, 0, 0〉 = |1, 0; 1, 0; 1, 0; 1, 0〉 (28)
This eigenstate has eigenvalue ǫ4 = −4~λk + 2~η. The critical value of ξk at
which the quantum phase transition occurs is
ξk = µk + 2(λk − ηk). (29)
The second term comes from the difference between ǫ−2 and ǫ4 with the same
number of bosons while the first term stems from the fact that for the interacting
states EkHO can not vanish.
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3.4. The many-particle ground state
Substituting (3) in (29) gives:
ξk = µk + 2
(
2
3∑
α=1
cos(2πkα)− η
)
(30)
or
3∑
α=1
cos(2πkα) =
ξk
4
−
µk
4
+
η
2
. (31)
From this equation one can, at least in principle, determine at which k it be-
comes energetically favorable to have a “pair” of electrons bound by a boson
instead of four non-interacting electrons.
In order to do this one needs, in addition to the assumption (3) for λk,
expressions for ξk and µk. For the interaction strength ξk it is reasonable to
assume no dependence on k. We do not specify an explicit dispersion relation
for the bosons.
4. Filling the band
The number of electrons which occupy a certain (k,−k)-level varies between
zero and four. If the interaction strength is zero, all electrons occupy levels with
four electrons and zero bosons. However, with a nonzero interaction part of the
electrons form pairs. Thus, for some (k,−k)-levels there will be two electrons
and one boson instead of four electrons and no bosons. This means that, if the
number of electrons stays the same, some of them must occupy higher k-levels.
This effect inhibits to some extend the formation of pairs because some of the
pairs have a higher kinetic energy.
We describe in detail the case of a one dimensional system with a band
filled up to the Fermi level at k = kF . We denote λkF ≡ λF and µkF ≡ µF .
|4, 0, 0〉kF is then the highest occupied level with energy 4~(η − λF ). If these
electrons occupy two levels with two electrons each instead of one level with
four electrons, then one pair has k = kF (the level |2, 0, k,−〉) and the other one
k = kF + δk (the level |2, 0, k + δk,−〉). The pair at k = kF has the energy
ǫ−2 = ~µF + 2~(η − λF )− ~ξ (32)
and the pair at k = kF + δk has the energy
~µkF+δk + 2~(η − λkF+δk)− ~ξ. (33)
Thus, the energy gained by creating two pairs from four free electrons equals
∆ǫ(kF ) = 2~(λkF+δk − λF + ξ)− ~(µF + µkF+δk) (34)
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Around the Fermi level one can make expansions for λk and µk
λk = λF +
dλk
dk
(λF )δk +
(
(δk)2
)
(35)
µk = µF +
dµk
dk
(µF )δk +
(
(δk)2
)
. (36)
Substituting these expansions in (34) gives
∆ǫ(kF ) = ~(2ξ − µF ) + ~
(
2
dλk
dk
(λF )−
dµk
dk
(µF )
)
δk. (37)
Now the four electrons occupying a second k-level can be split into two pairs.
The highest four fermion level is the one with k = kF −δk. The pairs are formed
at k = kF − δk and k = kF + 2δk. The gain in energy is
∆ǫ(kF − δk) = ~(2ξ − µF ) + ~
(
6
dλk
dk
(λF )−
dµk
dk
(µF )
)
δk. (38)
The same procedure where the particles from a four fermion level at k = kF−nδk
are combined in two paired states at k = kF − nδk and k = kF + (n+ 1)δk can
now be repeated N times. N can be determined from the condition
∆ǫ(kF −Nδk) = ~(2ξ−µF )+~
(
2(2N + 1)
dλk
dk
(λF )−
dµk
dk
(µF )
)
δk = 0. (39)
Some straightforward algebra then shows that the number of pairs formed is
2N + 1 =
dµk
dk
(µF )
2 dλk
dk
(λF )
+
µF − 2ξ
2δk dλk
dk
(λF )
. (40)
Notice that, all other things being equal, a smaller δk implies a larger N . Thus,
the closer the possible values of k are to each other the more pairs are formed.
In general, δk is inversely proportional to the size of the system, so the fraction
of pair-forming electrons is constant as a function of the system size.
5. Excitations and kinetic energy gap
The excitations with the lowest energy are the production of two fermion
pairs at k = kF − (N + 1)δk and k = kF + (N + 2)δk and the recombination
of two pairs into one four fermion level at k = kF −Nδk. During the creation
of two pairs from the particles at k = kF − (N + 1)δk, the electrons in the pair
with the highest k-value each get an additional momentum of (2N + 3)δk. The
momentum of the pair with the lowest k-value does not change. Thus, the total
change of momentum is
∆ktot = 2(2N + 3)δk. (41)
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One concludes that there is a gap in the kinetic energy of the electrons. Substi-
tuting (40) gives
∆ktot =
(
dµk
dk
(µF )
dλk
dk
(λF )
+ 1
)
δk +
µF − ξ
dλk
dk
(λF )
. (42)
Notice that the second term does not depend on δk, so even if δk is very small
∆ktot may still be macroscopic. An analogous reasoning holds for the reversed
process in which two pairs are destroyed.
6. Conclusions
In summary, we start from a free hopping Hamiltonian for the electrons
to develop a model with both electrons and bosons. The interaction between
the bosons and the electrons is inspired by the interaction term in the Jaynes-
Cummings model.
Due to the interaction term part of the electrons become bound in pairs
with opposite momentum and spin. In general, the many particle ground state
contains both paired and unpaired electrons. Equation (40) shows in the one-
dimensional case how the number of pairs formed in the ground state depends
on the parameters of the model.
We also demonstrate the existence of a gap in the kinetic energy spectrum.
The gap in this model is not of a mean-field type but is a consequence of the
Pauli exclusion principle. We also find that the binding energy of the pairs is not
a constant but depends on the wavevector k. This is in agreement with earlier
results[25, 26] which suggest that, due to the Pauli exclusion principle, the
binding energy of Cooper pairs depends on k. In the one-dimensional case, the
total change in momentum for the elementary excitation in which two additional
pairs are formed is given by (42).
Future research is needed to study the thermodynamical properties of the
system. Note that it is possible to write our model as a mean-field model
similar to (1). This can be done by first integrating out the bosons, which
gives a Hamiltonian of fourth order in the Bk operators, and then introducing
new operators d†
k
and dk which create and annihilate two bound pairs. Using
these new operators an effective Hamiltonian can be constructed, similar to (1).
However, this new mean-field model still allows the binding energy of the pairs
to depend on k, which is not the case in (1).
Appendix A. The eigenstates and eigenvalues
Here we give an overview of all eigenstates and eigenvalues of the model.
The notation is as follows: the first number counts the electrons and the second
number is the total spin. The third label is the total momentum of the elec-
trons. The quantum numbers of the bosons are omitted. In one case additional
quantum numbers are needed.
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We further use the notation EkHO for the eigenvalues of the boson Hamil-
tonian for one k, see (24). In particular, the eigenvalues of HB have the form∑
k
EkHO .
1. The eigenvectors with vanishing electron count are of the form
|0, 0, 0〉 ≡ |0,mk,↑; 0,mk,↓; 0,m−k,↑; 0,m−k,↓〉. (A.1)
The energy is ε0 = E
k
HO, this is, only the harmonic oscillators contribute.
2. With one electron there are four classes of states because the electron can
have either momentum k or −k. They are
|1,+
1
2
,+k〉 ≡ |1,mk,↑; 0,mk,↓; 0,m−k,↑; 0,m−k,↓〉,
|1,−
1
2
,+k〉 ≡ |0,mk,↑; 0,mk,↓; 0,m−k,↑; 1,m−k,↓〉, (A.2)
|1,+
1
2
,−k〉 ≡ |0,mk,↑; 1,mk,↓; 0,m−k,↑; 0,m−k,↓〉,
|1,−
1
2
,−k〉 ≡ |0,mk,↑; 0,mk,↓; 1,m−k,↑; 0,m−k,↓〉. (A.3)
The eigenvalues are
ε1 = E
k
HO − ~λk. (A.4)
Note that λk is the coefficient of the kinetic energy term of the electron
— see (2).
3. With two electrons and total spin ±1 the total momentum of the electrons
has to vanish because of Pauli’s exclusion principle. The eigenvectors are
|2,+1, 0〉 ≡ |1,mk,↑; 0,mk,↓; 1,m−k,↑; 0,m−k,↓〉;
|2,−1, 0〉 ≡ |0,mk,↑; 1,mk,↓; 0,m−k,↑; 1,m−k,↓〉. (A.5)
The corresponding energy value is
ε2 ≡ E
k
HO − 2~λk + ~η. (A.6)
4. With two electrons and total spin zero the interaction with the harmonic
oscillators contributes. An additional label is needed to distinguish be-
tween the two levels of each of the Jaynes-Cummings pairs. The eigenvec-
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tors are
|2, 0,k,−〉 = sin θ+
k
|1,mk,↑; 0,mk,↓; 0,m−k,↑; 1,m−k,↓〉
+cos θ+
k
|0,mk,↑ + 1; 1,mk,↓; 1,m−k,↑; 0,m−k,↓ − 1〉
(A.7)
|2, 0,k,+〉 = cos θ+
k
|1,mk,↑; 0,mk,↓; 0,m−k,↑; 1,m−k,↓〉
− sin θ+
k
|0,mk,↑ − 1; 1,mk,↓; 1,m−k,↑; 0,m−k,↓ + 1〉
(A.8)
|2, 0,−k,−〉 = sin θ−
k
|0,mk,↑; 1,mk,↓; 1,m−k,↑; 0,m−k,↓〉
+cos θ−
k
|1,mk,↑ + 1; 0,mk,↓; 0,m−k,↑; 1,m−k,↓ − 1〉
(A.9)
|2, 0,−k,+〉 = cos θ−
k
|0,mk,↑; 1,mk,↓; 1,m−k,↑; 0,m−k,↓〉
− sin θ−
k
|1,mk,↑ − 1; 0,mk,↓; 0,m−k,↑; 1,m−k,↓ + 1〉.
(A.10)
The angles θ±
k
are given by
θ±
k
= arctan
(
ωk + ω−k
2ξk
∓
1
2ξk
√
(ωk + ω−k)2 + 4ξ2k
)
, (A.11)
like in the Jaynes-Cummings model [20]. The energies for these states are:
ε±2 = E
k
HO − 2~λk ±
~
2
√
(ωk + ω−k)2 + 4ξ2k, (A.12)
where the plus sign holds for the first and the third, and the minus sign
for the second and the fourth class.
5. With three electrons there are again four different classes of states:
|3,+
1
2
,k〉 = |1,mk,↑; 1,mk,↓; 1,m−k,↑; 0,m−k,↓〉 (A.13)
|3,+
1
2
,−k〉 = |1,mk,↑; 0,mk,↓; 1,m−k,↑; 1,m−k,↓〉 (A.14)
|3,−
1
2
,−k〉 = |0,mk,↑; 1,mk,↓; 1,m−k,↑; 1,m−k,↓〉 (A.15)
|3,−
1
2
,k〉 = |1,mk,↑; 1,mk,↓; 0,m−k,↑; 1,m−k,↓〉 (A.16)
all with the same energy
ε3 = E
k
HO − 3~λk. (A.17)
6. With four electrons:
|4, 0, 0〉 = |1,mk,↑; 1,mk,↓; 1,m−k,↑; 1,m−k,↓〉. (A.18)
The energy is
ε4 = E
k
HO − 4~λk + 2~ηk. (A.19)
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